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ABSTRACT

In this article, we develop a quantitative comparison method for two arbitrary protein structures. This method uses a root-

mean-square deviation characterization and employs a series expansion of the protein’s shape function in terms of the

Wigner-D functions to define a new criterion, which is called a “similarity value.” We further demonstrate that the expan-

sion coefficients for the shape function obtained with the help of the Wigner-D functions correspond to structure factors.

Our method addresses the common problem of comparing two proteins with different numbers of atoms. We illustrate it

with a worked example.
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INTRODUCTION

A quantitative comparison of two protein tertiary

structures to assess their similarity is a major challenge,

but if properly investigated, it can offer answers to

important questions in biochemistry and cell biology.1

In particular, structural similarity between proteins is a

very good predictor of their functional similarity. In

order to classify proteins according to their structural

characteristics, we first have to be able to determine the

three-dimensional (3D) structures of the proteins in

question, which typically involves X-ray or electron crys-

tallography, or in some cases other techniques such as

nuclear magnetic resonance or mass spectroscopy.2 In

the absence of crystallographic structures for a given pro-

tein, computational methods may still be used to predict

a 3D structure based on sequence similarity with crystal-

lographically resolved protein structures using a tech-

nique called homology modeling.3 Assuming structural

information is available, a number of methods have been

developed to compare protein structures.4,5 Some meth-

ods are based on numerical techniques such as geometric

hashing6 or spherical harmonic descriptors.7 A recently

reported method uses so-called Zernike descriptors.8

Traditionally, protein classifications have been per-

formed manually with the aid of automated tools, and

they take into account information available to biologists

regarding both the functions and the phylogenetic origins

of the proteins investigated. Examples of relevant data-

bases include Structural Classification of Proteins,9,10

Class, Architecture, Topology, and Homologous super-

family,11 and Families of Structurally Similar Proteins12

to name but a few.

In order to match two distinct protein structures,

there should exist a one-to-one map between their struc-

tural elements, which is called “correspondence.” In

addition, proper alignment of the structural elements of

these proteins should be generated. A common measure

that is used for this type of alignment is root-mean-

square deviation (RMSD).13,14 Until now, a complete

geometrical comparison of two proteins has rarely been

possible mainly because most proteins have different

sizes and/or different numbers and types of atoms.

Therefore, a complete match between an arbitrary pair of
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proteins is a difficult task to accomplish in general. This

is why either partial or local similarity tests have fre-

quently been used in the past.13 An example of using

RMSD for partial similarity analysis is the STRUCTAL

software.15 In Results and Discussion section, we discuss

in more detail different methods used for protein struc-

ture comparisons and compare and contrast them with

our method.

In this article, we introduce a fully automated method

that enables one to compare protein structures and to per-

form identification of proteins. To this end, we expand the

protein shape function in terms of Wigner-D functions16

and demonstrate mathematically that the expansion coeffi-

cients can be regarded as the structure factors of a protein.

We then compare them to assess their similarity by intro-

ducing a new parameter referred to here as the “similarity

value” (SV). Our method obtains the similarity value in

the reciprocal space (in relation to the spatial domain)

where two proteins have the same dimension (values of

their structure factors). However, it is important to note

that these proteins are allowed to have different numbers

of atoms in the spatial domain. We demonstrate below

that the SV can be used as an alternative measure of struc-

tural similarity, as opposed to the RMSD measure. In par-

ticular, we show that when comparing similarly sized

proteins, either RMSD or SV may be the preferred mea-

sure. However, when comparing different-size structures,

we show that using the similarity value (SV) is strongly

preferred as it permits a quantitative comparison between

any protein structures independently of their sizes.

BASIC MATHEMATICAL IDEA

The Wigner-D functions describe the rotation on a

sphere in 4D space (4-sphere), and they are analogous to

the well-known spherical harmonic functions, which are

commonly used to describe the rotation on a sphere in

3D space (3-sphere).16 A rigid body can be projected on

a 4-sphere; thus, its shape function can be expanded

using the Wigner-D functions. Proteins are not typically

thought of as rigid bodies due to their weak bonds, but

instead they undergo sizeable thermal fluctuations at

finite temperature and conformational changes due to

ligand binding. However, the different conformations of

a protein, which are explored over time, can be quantita-

tively characterized using shape functions in time series

representations.

We start by expanding a hypothetical protein shape

function, f , in terms of Wigner-D functions as

f a;b; gð Þ5
X1
l50

Xl

m52l

Xl

n52l

ClmnDl
mn a;b; gð Þ (1)

where the Clmn factors are the coefficients of the series

expansion, Dl
mn is a Wigner-D function and the parame-

ters l, m, and n satisfy: l � 0, jmj � l, and jnj � l. The

Wigner-D function is defined by17

Dl
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where m5jn2mj and r5jn1mj, and

E5
1 if n � m

21ð Þn2m
if n < m

(
(4)

while Pm
l xð Þ is the associated Legendre polynomial and is

defined as

Pm
l xð Þ5 21ð Þm

2l l!
12x2
� �m

2
dl1m

dxl1m
x221
� �l

: (5)

The dimension of a Wigner-D function is given by

Dim Dð Þ5
XN

l50

2l11ð Þ25 1

3
N11ð Þ 2N11ð Þ 2N13ð Þ: (6)

We can express Eq. (1) in matrix notation simply as

f5CD. Indeed, the discrete Fourier transform on SO(3)

can be written in terms of the Wigner-D functions

as17,18

f a;b; gð Þ5
X1
l50

Xl

m52l

Xl

n52l

f̂ lmnDl
mn a;b; gð Þ (7)

where f̂ is the Fourier transform of f . We can express

the above relation in matrix form as f5f̂ D. Thus, the

Clmn coefficients can be viewed as Fourier transforms of

a given function f . On the other hand, we know from

crystallography that the Fourier transform of the shape

function of an object is defined as the corresponding

structure factor.19 Thus, the Clmn coefficients describe

the structure factors of a given protein with the shape

function f (which is obtained from the positions of the

atoms of the protein).

Having generated the shape function f , we can obtain

the Clmn coefficients of the expansion by

Clmn5
2l11ð Þ
8p2

ð ð ð
f a;b; gð ÞDl

mn
�

a;b; gð Þsin b d b d a d g

(8)

where we use the orthogonality of the Wigner-D

function:
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METHOD AND ALGORITHM

In this section, we discuss practical aspects of imple-

menting our method for particular proteins. First, we

download each protein’s atom positions from the Protein

Data Bank (PDB) and convert these positions to obtain

the corresponding Euler angles. Then, we define the pro-

tein shape function f as follows: if a voxel contains a

protein’s atom then f is equal to one, otherwise f is

taken to be zero. The next steps are to compute the

resultant Wigner-D functions up to l5lmax and obtain

the Clmn matrix elements.

One simple way to measure the similarity between two

arbitrarily selected proteins is equivalent to computing

the correlation value between the structure factors of the

two proteins:

Correlation Value5CV5
habs Cð Þjabs C

0� �
i

habs Cð Þjabs Cð Þihabs C
0ð Þjabs C

0ð Þi
(10)

where h�j�i indicates the inner product and abs �ð Þ indi-

cates the absolute value of a variable. However, the CV

measure does not provide proper comparison results for

proteins, as is explained below.

Representing a 3D shape by expansion in terms of

Wigner-D functions effectively projects this shape on a

3-manifold as a part of the hyper-surface of a 4-sphere.

The Clmn matrix elements are the points on the manifold

constructed in this manner. The CV computed in Eq.

(10) gives a fractional rate of the overlap between the

two manifolds.

We illustrate this with a specific example. We have cho-

sen a crystal structure for the tubulin heterodimer with

PDB code 1JFF.20 This PDB has two subunits: 1JFF-A for

the a-tubulin monomer and 1JFF-B for the b-tubulin

monomer. As shown in Table I, the CV for 1JFF and

1JFF-A is approximately 1. This is because the 1JFF-A

manifold is a sub-manifold of 1JFF, and all the points of

1JFF-A are subsumed by 1JFF. A discussion about SVs

between 1JFF, 1JFF-A, and 1JFF-B, which are obtained in

Table I, is given in “Results and Discussion” section.

Instead of using the CV measure, we define a solid

measure by applying the RMSD concept to the structure

factor distances using the following procedure. A struc-

ture factor is a complex number, so we can embed it as

a vector in a 2D Euclidean space. Thus, for each protein,

we can define a space with the dimension equals two

times the number of computed structure factors. For

example, for lmax517 we will have Dim57770 structure

factors, so our space’s dimensionality is 237770515540-

dimension (we represent this space by a 2-column and a

7770-row matrix). Subsequently, we compute the distan-

ces between each pair of elements in this matrix. We

obtain an n3n matrix of the distances. In a similar way

we obtain another matrix for the second protein. The

next step is to compute the parameter

D252
Xn

i<j

Xn

j52

dij2d
0
ij

� �2

52
Xn

i<j

Xn

j52

d2
ij1d

02

ij22dijd
0
ij

� �
(11)

where dij and d
0
ij are the elements of the distance matrix

of each of the two proteins. This is an RMSD relation,

except we have eliminated the average coefficient

1= n n21ð Þð Þ. Equation (11) in the vector form is

D25d21d
0 2

22hdjd0 i (12)

where d25hdjdi52
Pn

i<j

Pn
j51 d2

ij , d
0 2

is defined similarly

(these are the square of the vector lengths, that is, the

sum of the squares of arrays), and hdjd0 i is the scalar

product of the two protein vectors (i.e., the sum of the

corresponding array multiplications). This scalar product

indicates the correlation between two proteins, because if

there is no correlation, then D25d21d
0 2

, and if we have

a maximum correlation (the two proteins are the same),

then D250. To obtain a direct measure of the similarity

Table I
Comparison Between Pairs of Proteins Using Correlation Value (CV)

and Similarity Value (SV)

First protein's
PDB ID

Second protein's
PDB ID

Correlation value
(CV)

Similarity value
(SV)

1JFF 1ATN 0.3962 0.0002
1JFF 1FSZ 0.9661 0.3453
1JFF 1SA0 0.9361 0.0981
1JFF 1TUB 0.9933 0.4872
1JFF 1JFF-A 0.9537 0.2091
1JFF 1JFF-B 0.9987 0.4967
1JFF-A 1JFF-B 0.9460 0.2271
1JFF-A 1ATN 0.5634 0.0010
1JFF-A 1SA0 0.9955 0.3771
1JFF-A 1TUB 0.9300 0.2425
1JFF-A 1FSZ 0.9795 0.4131
1JFF-B 1SA0 0.9270 0.1073
1JFF-B 1ATN 0.3782 0.0002
1JFF-B 1TUB 0.9969 0.4962
1JFF-B 1FSZ 0.9637 0.3689
1ATN 1SA0 0.5973 0.0023
1ATN 1FSZ 0.5016 0.0005
1ATN 1TUB 0.3639 0.0002
1SA0 1FSZ 0.9806 0.2322
1SA0 1TUB 0.9085 0.1154
1FSZ 1TUB 0.9489 0.3852

1JFF, 1SA0, 1TUB, and 1FSZ are all structures of proteins in the tubulin-FtsZ

superfamily. 1ATN is a structure for actin. Comparisons between unrelated pro-

tein pairs (tubulin-FtsZ superfamily with actin) are italicized.
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between two proteins, we define SV by rewriting Eq.

(12) as follows:

Similarity Value5SV5
hdjd0 i

d21d
0 2 5

1

2
12

D2

d21d
0 2

� �
: (13)

Based on the above discussion, SV will satisfy the fol-

lowing inequality:

not correlated 0 � SV � 1

2
! totally correlated: (14)

In other words, when the two proteins are the same,

then SV51=2, and when they are completely different

and there is no correlation between them, then SV50.

The Fourier transformation is a linear transform,21

and it preserves lengths and the inner product. Thus, the

Fourier transform is an isometric mapping.19,22,23 We

have shown earlier in this article that the Clmn coeffi-

cients are the Fourier transforms of f . Therefore, SV is a

good measure to compare two proteins. In the following

box, we summarize the algorithm for computing the

similarity between two proteins in several simple steps.

Algorithm

1. Obtain protein data from the PDB website (x; y; z)

position coordinates of all atoms.

2. Sort atoms by their distances to the center of mass. It

is assumed that all masses are distributed equally for

all atoms. Another possibility could be to consider

real masses of atoms.

3. Convert Cartesian x; y; z coordinates of all atoms to

the corresponding Euler angles, a;b; g relative to the

center of mass of the protein.

4. Define the shape function, fi5f bi;ai; gið Þ51;
i51; 2; . . . ;Nð Þ;N : the number of atoms bi;ai; gið Þ

corresponding to the xi; yi; zið Þ position coordinates of

the ith-atom in Euler angles.

5. Compute the results of Dl
mn bi;ai; gið Þ Eqs. (2–4).

6. Compute the structure factor, Clmn from the discrete

form of Eq. (8):

Clmn5 2l11
8p2

PN
i51

f bi;ai; gið ÞDl
mn
�

bi;ai; gið Þsin bi D bi D ai D gi:

We sum only over occupied atom positions because

the shape function is zero when there is no atom in

the voxel. Thus, the other terms are zero.

7. Repeat Steps 1–7 for each protein analyzed.

8. Compute SV using Eq. (13) between two proteins

selected for comparison.

RESULTS AND DISCUSSION

As an example, Table I lists CV and SV measures for

selected pairs of protein structures.

We see that the correlation value, CV, does not give a

good comparison between two proteins. This is because

it is a criterion to compute the overlap between two

manifolds in the reciprocal space. If the two proteins are

similar, this criterion gives a good correlation between

them because these two proteins have the same structure

factors. However, for two different or partially different

proteins, the CV is not very accurate.

To check our SV criterion, we have calculated the

atomic shape function for the 1JFF-A structure by using

the structure factors, Clmn. Figure 1 shows the histograms

and plots of f and its reconstructions freconst:5
1
NPN

lmax51 flmax
for N59 and N517 for 1JFF-A. We see that

the reconstructed functions, freconst:, are in good agree-

ment with f , especially when lmax increases.

Figure 2 shows that when the surface under a pocket

of the structure factors is normalized to one, the struc-

ture factor for a given l has the Poisson distribution:

1

2l11ð Þ2
abs Clmnð ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXl

m521

Xl

n521
abs Clmnð Þ2

q ! PL lð Þ5 lL

L!
e2l

(15)

where l5Var jClmnjð Þ and L5 2l11ð Þ2. The Poisson dis-

tribution is usually considered to be a continuous distri-

bution. However, here we make it discrete since we need

to perform a numerical computation. The maximum

probability value for the Poisson distribution occurs

when l5L; and the magnitude of the corresponding

peak for probability is then equal to

PL l5Lð Þmax5
LL

L!
e2L5

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p 2L1 1

3

� �q (16)

where we used Stirling’s approximation relation, that is,

L!5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p 2L11=3ð Þ

p
LLe2L. The peaks in Figure 2 are in

good agreement with Eq. (11). This is another test to

confirm the validity of our method, since it gives the

same result as the one obtained in X-ray pattern inten-

sity distributions and in Poisson’s distribution for ran-

dom interactions between radiation and matter.24,25

In the following discussion we wish to highlight the

differences between our method and other methods. The

methods introduced for comparing protein similarities

are normally based on the following: the proteome-scale

protein structure modeling, score function comparison,

obtaining moments or descriptors, or comparing RMSD

between residues or chains of two proteins.7,26–49 Dis-

cussing all of these methods is not in the scope of this

article. However, we do review some methods, which

may appear similar to our method. One of these meth-

ods involves spherical polar Fourier shape density func-

tions.26 This method uses the expansion of the 3D

density function in terms of radial and spherical
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Figure 1
(a) Histogram and (b) plot of the shape function f (shown in blue) along with its reconstructions freconst: for N5lmax59 (shown in green) and N
5lmax517 (shown in red) for 1JFF-A. We see that the reconstructed freconst: are in good agreement with f when lmax increases.

Figure 2
Panel (a) shows non-normalized absolute values of structure factors. The abscissa is the total number of structure factors. Panel (b) shows the nor-

malized area under the curve to one of the absolute values of the structure factors for each l. The abscissa is the value of 2l11ð Þ2.



harmonic functions and computes the correlation coeffi-

cients between two density function expansion coeffi-

cients. The other method uses Zernike descriptors. The

Zernike functions are extensions of the spherical har-

monic functions. The Zernike descriptors were first used

by Novotni and Klein27 to compare two shapes in shape

searching algorithms in computer science. Later they

were adapted for protein comparison purposes.28,29 The

3D Zernike method is a rotational invariant method that

finds a descriptor, which represents a given shape. By

Table II
Set of 48 Protein Structures With SV and RMSD From Li et al.1 for

Comparison

First protein's PDB
ID

Second protein's PDB
ID

Similarity value
(SV) RMSD1

1A6W 1A6U 0.198 0.34
1MRG 1AHC 0.401 0.43
1RNE 1BBS 0.316 0.61
1RBP 1BRQ 0.108 0.62
1BYB 1BYA 0.499 0.43
1HFC 1CGE 0.399 0.37
3GCH 1CHG 0.070 1.10
1BLH 1DJB 0.497 0.23
1INC 1ESA 0.397 0.21
1GCA 1GCG 0.499 0.32
1HEW 1HEL 0.498 0.21
1IDA 1HSI 0.083 1.07
1DWD 1HXF 0.150 0.27
2IFB 1IFB 0.382 0.37
1IMB 1IME 0.498 0.22
2PK4 1KRN 0.445 0.39
2TMN 1L3F 0.266 0.62
1IVD 1NNA 0.426 1.23
1HYT 1NPC 0.332 0.88
1PDZ 1PDY 0.499 0.66
1PHD 1PHC 0.499 0.17
1PSO 1PSN 0.499 0.33
1SRF 1PTS 0.498 0.26
1ACJ 1QIF 0.497 0.31
1SNC 1STN 0.495 0.70
1STP 1SWB 0.145 0.33
1ULB 1ULA 0.474 0.79
2YPI 1YPI 0.165 1.27
2H4N 2CBA 0.498 0.20
2CTC 2CTB 0.499 0.15
5CNA 2CTV 0.034 0.40
1FBP 2FBP 0.494 1.06
2SIM 2SIL 0.499 0.14
1MTW 2TGA 0.159 0.42
1APU 3APP 0.498 0.40
1QPE 3LCK 0.465 0.28
5P2P 3P2P 0.480 0.42
4PHV 3PHV 0.045 1.23
3PTB 3PTN 0.122 0.26
1BID 3TMS 0.499 0.24
1OKM 4CA2 0.472 0.22
4DFR 5DFR 0.496 0.82
3MTH 6INS 0.381 1.09
6RSA 7RAT 0.440 0.18
1CDO 8ADH 0.403 1.34
7CPA 5CPA 0.132 0.40
1ROB 8RAT 0.469 0.28
1IGJ 1A4J 0.411 0.80

The SVs are computed from structure factors for lmax57.

Table III
Set of 86 Protein Structures With SV and RMSD From Li et al.1 for

Comparison

First protein's
PDB ID Second protein's PDB ID Similarity value (SV) RMSD1

1AD4 1AD1 0.499 0.50
1AHX 1AHG 0.499 0.24
1AUR 1AUO 0.499 0.20
1AXZ 1AXY 0.498 0.12
1GN8 1B6T 0.491 0.51
1B9Z 1B90 0.494 0.54
1LRI 1BEO 0.498 1.05
1BUL 1BUE 0.499 0.18
1BYD 1BYA 0.499 0.43
1C3R 1C3P 0.202 0.39
1C5I 1C5H 0.494 0.13
1QJW 1CB2 0.498 0.63
1CTE 1CPJ 0.499 0.29
1SZJ 1CRW 0.499 0.33
1ESW 1CWY 0.498 0.38
1CY7 1CY0 0.155 1.12
1DED 1D7F 0.481 0.26
1P7T 1D8C 0.406 0.66
1DMY 1DMX 0.499 0.19
1DQY 1DQZ 0.052 0.75
1LP6 1DV7 0.471 0.56
1E2S 1E1Z 0.499 0.13
1ESE 1ESC 0.499 0.19
6ALD 1EWD 0.477 0.44
1NLM 1F0K 0.163 1.66
1F4X 1F4W 0.488 0.25
1JBW 1FGS 0.430 1.48
1FR8 1FGX 0.498 0.54
1LD8 1FT1 0.416 0.92
1HVC 1G6L 0.345 0.46
1LSP 1GBS 0.360 0.26
1LC3 1GCU 0.458 0.77
1GJW 1GJU 0.499 0.29
1N75 1GLN 0.422 1.47
1GOY 1GOU 0.476 0.47
1H46 1GPI 0.193 0.15
1GUZ 1GV1 0.383 0.62
1YDD 1HEA 0.491 0.18
1YDA 1HEB 0.498 0.20
1KIC 1HOZ 0.420 0.35
1A80 1HW6 0.466 0.93
1I3A 1I39 0.498 0.40
4AIG 1IAG 0.494 0.26
1JZS 1ILE 0.497 0.69
1JQ3 1INL 0.493 0.35
1JAY 1JAX 0.435 0.60
1UEH 1JP3 0.499 0.67
1JSO 1JSM 0.499 0.10
1JYL 1JYK 0.208 0.94
1JVS 1K5H 0.351 1.16
1K70 1K6W 0.497 1.08
1M6P 1KEO 0.136 1.05
3KIV 1KIV 0.467 0.30
1KMP 1KMO 0.498 0.64
2NGR 1KZ7 0.467 1.61
2MIN 1L5H 0.084 0.55
1LL2 1LL3 0.496 0.37
1LMC 1LMN 0.499 0.10
1EYN 1NAW 0.208 1.02
1BHT 1NK1 0.033 0.58
1PBO 1OBP 0.143 0.38
1OPB 1OPA 0.295 0.68
1I75 1PAM 0.499 0.13
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comparing the descriptors, the similarities between any

two shapes could be determined. Another method that

should be mentioned here is the spherical harmonic

method.7,28 This method expands a shape function in

terms of spherical harmonic functions. After some alge-

braic computations, the spherical harmonic method

defines the descriptors and compares them. The above

methods use moment or descriptor concepts to compare

proteins. Some methods have used RMSD values as a

score to compare between two structures. However,

because proteins can have different sizes, normally these

methods only use partial RMSD calculations. For exam-

ple, some of these methods have used a difference

between the intrastructural residue–residue distances, for

example, Dali,45,46 CE,47 or between interstructural

residue-residue–distances, such as STRUCTAL,15 SAL,48

and TM-score.52 Our method is different from these

structural methods for the following reasons:

1. Using the Wigner-D function does not require a defi-

nition of a radial function, as is done in the 3D Zer-

nike, spherical harmonic or SPE methods. The three

angles in the Wigner-D functions are the Euler angles,

and it is well known from classical mechanics that

moving through a 3D rigid body is possible by using

three Euler angles.

2. We show that the expansion coefficients of the shape

function defined by the Wigner-D functions are equiv-

alent to the Fourier transform of the shape function

(see more details in Basic Mathematical Idea section).

Thus, we introduce the expansion coefficients of a

shape function in terms of Wigner-D functions as

structure factors.

Table III
(Continued)

First protein's
PDB ID Second protein's PDB ID Similarity value (SV) RMSD1

1NME 1PAU 0.499 0.29
1KEV 1PED 0.281 0.81
1PIG 1PIF 0.495 0.32
1PJC 1PJB 0.498 0.61
1KLT 1PJP 0.168 0.97
1QHG 1PJR 0.499 0.23
1CEB 1PKR 0.041 0.58
2PK4 1PMK 0.417 0.71
1BK9 1PSJ 0.494 0.24
1QBB 1QBA 0.497 0.11
1PYY 1QME 0.157 0.59
1OSS 1SGT 0.367 0.27
1SWN 1SWL 0.497 0.31
1LBT 1TCA 0.440 0.24
1WBL 1WBF 0.371 0.39
1YDB 1YDC 0.491 0.12
1H0S 2DHQ 0.499 0.26
1LLO 2HVM 0.498 0.12
43CA 43C9 0.491 0.23
5BIR 4BIR 0.487 0.61
5EUG 4EUG 0.498 0.21
5EAU 5EAS 0.064 0.40
7TAA 6TAA 0.499 0.24

The SVs are computed from structure factors for lmax57.

Table IV
Set of Eight Protein Pairs With High SV and Low RMSD From Li
et al.1

First
protein's
PDB ID

First
protein's

total atom #

Second
protein's
PDB ID

Second
protein's

total atom #
Similarity

value (SV) RMSD

1a6w 1774 1a6u 1736 0.4856 0.34
1mrg 2395 1ahc 1933 0.45127 0.43
1rne 2510 1bbs 5018 0.40392 0.61
1byb 3925 1bya 3929 0.49973 0.43
1hfc 1244 1cge 1542 0.47786 0.37
1blh 1999 1djb 2028 0.49806 0.23
1inc 1822 1esa 1822 0.40316 0.21
1gca 2892 1gcg 2893 0.49997 0.32

Methods are in agreement and both are good measures of structure similarity.

Side-by-side illustration of protein pair italicized in table is shown in Figure 7(a).

Table V
Set of Eight Protein Pairs With Low SV and High RMSD From Li

et al.1

First
protein's
PDB ID

First protein's
total atom #

Second
protein's
PDB ID

Second
protein's

total atom #

Similarity
value
(SV) RMSD

1au1 3510 1a2v 31080 0.0942727 15.4917
1atz 2797 1a2z 6986 0.0767325 5.59876
1aq0 4541 1a5t 3062 0.0899071 12.0075
1apj 1063 1a6f 950 0.168915 4.15105
1aoe 3182 1a7s 1680 0.0977561 11.4711
1aop 3622 1a77 2546 0.0543472 19.6512
1alv 3422 1a99 10720 0.042003 13.7636
1alu 1263 1a9x 44287 0.0271374 12.7272

Methods are in agreement. However, neither is a good measure of structure simi-

larity. Side-by-side illustration of protein pair italicized in table is shown in Fig-

ure 7(b).

Table VI
Set of Eight Protein Pairs With High SV and Low RMSD From Li

et al.1

First
protein's
PDB ID

First pro-
tein's

total atom #

Second
protein's
PDB ID

Second
protein's

total atom
#

Similarity
value
(SV) RMSD

1aw0 1063 1a0f 3224 0.425909 10.4309
1auz 1693 1a17 1281 0.45488 12.5662
1aru 2465 1a48 2384 0.422306 14.7692
1aln 2220 1aa6 5454 0.417816 10.0503
1all 2399 1aa7 2980 0.417423 11.2399
1al0 9521 1ab4 3771 0.459777 12.6608
1ajs 6539 1acc 5282 0.396727 14.4862
1air 3271 1aco 5812 0.474606 22.6212

Methods are not in agreement. SV is a better measurement of structure similarity

than RMSD. Side-by-side illustration of protein pair italicized in table is shown

in Figure 7(c).
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3. It is well known that the Fourier transform (conse-

quently an expansion on the Wigner-D function) is a

linear transform and hence it preserves isome-

try.17,18,22,23 Thus, if we define a RMSD-type crite-

rion, like Similarity Value between structure factors,

we show mathematically that the properties obtained

in the reciprocal space reflect the same properties in

the position space. This means that if in the reciprocal

space two proteins are similar, the same result holds

true in the position space (provided a method of

comparison is defined).

4. The size of a protein analyzed does not affect our com-

parison. This is because we are able to compare two

proteins with the same size in reciprocal space, even

though they may be different in position space, and we

can choose the dimension of reciprocal space according

to a desired level of accuracy. Note that in reality the

expansion terms have to go to infinity but similar to

other computational calculations, we should choose a

cutoff in order to terminate this divergence. The num-

ber of expansion coefficients used increases the level of

accuracy, but is also computationally costly.

5. We have compared our method results with two other

sets, that is, a 48 protein pair data set and an 86 pro-

tein pair data set, where both liganded and unliganded

proteins are listed, and RMSD values are those

reported in Supporting Information of Li et al.1

(These sets are given in http://dragon.bio.purdue.edu/

visgrid_suppl). Note that RMSD values are computed

in the position space. Tables II and III show computed

SV values and RMSD values (taken from Li et al.1),

for the 48 pair data set and the 86 pair data set,

respectively. From these tables, we see that, in the case

where both protein structures have similar numbers of

atoms, both methods are in agreement. That is, a

lower value of RMSD corresponds to a higher value of

SV (for a similar number of atoms) and vice versa. To

highlight the cases where both methods agree, we

include Tables IV and V, which summarize a handful

of the pairings from Tables II and III. When the num-

ber of atoms between two protein structures is differ-

ent, there is no agreement between the SV and RMSD

values. In this case, we see that either SV or RMSD

can be useful measures of structural similarity. Again,

to highlight the cases where both methods disagree,

we include Tables VI and VII, which summarize a

handful of the pairings from Tables II and III. We fur-

ther illustrate the agreement and disagreement

between these methods in Figure 7. In some algo-

rithms, using RMSD values in a part of the algorithm,

RMSD can be replaced by SV as an alternative param-

eter. This is because SV is equivalent to RMSD and

SV can be computed more precisely than RMSD for

Table VII
Set of Seven Protein Pairs With Low SV and Low RMSD From Li

et al.1

First
protein's
PDB ID

First
protein's

total atom #

Second
protein's
PDB ID

Second
protein's

total atom #
Similarity

value (SV) RMSD

1rbp 1408 1brq 1408 0.099626 0.62
1pbo 2534 1obp 3158 0.12698 0.38
1oss 1632 1sgt 1620 0.29663 0.27
5bir 1565 4bir 785 0.21514 0.61
2dgd 6984 1h75 620 0.0204437 2.25141
1y6x 669 1n4p 32190 0.025834 2.90993
1tqg 2247 1qbk 8323 0.0651008 1.77265

Methods are not in agreement. RMSD is a better measure of structure similarity

than SV. Side-by-side illustration of protein pair italicized in table is shown in

Figure 7(d).

Figure 3
A schematic of the distance matrices d(A,A), d(B,B), and d(AB,AB),
and a schematic describing the use of the direct sum.

Figure 4
(a) Extended d B;Bð Þ matrix. Here we add zeros to change the size of

d B;Bð Þ from s3s to r1sð Þ3 r1sð Þ. (b) Extended d A;Að Þ matrix. Here
we add zeros to change the size of d A;Að Þ from r3r to r1sð Þ3 r1sð Þ.
(c) Extended d A;Bð Þ matrix. Here we add zeros to change the size of

d A;Bð Þ from r3s to r1sð Þ3 r1sð Þ. (d) Extended d B;Að Þ matrix. Here
we add zeros to change the size of d B;Að Þ from s3r to r1sð Þ3 r1sð Þ.
[Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]
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proteins with different sizes. However, it should be

kept in mind that the cost of computation for SV is

about 33 s for comparing two proteins using a laptop

with an Intel Core i7 CPU. An in depth description of

how these two methods differ is described in “The dif-

ference between SV and RMSD” section.

Below we discuss a specific example by explaining the

SVs results for 1JFF and their monomers (1JFF-A and

1JFF-B). As we know, 1JFF-A has r53227-atoms, 1JFF-B

has s53351-atoms and 1JFF has the sum of both mono-

mers atoms, that is, r1s56578-atoms. The SVs reported

between these macromolecules in Table I are:

1JFF 1JFF-A SV 5 0.2091
1JFF 1JFF-B SV 5 0.4967
1JFF-A 1JFF-B SV 5 0.2271

Here, we discuss these results in more detail. To sim-

plify notation, we represent 1JFF-A with A, 1JFF-B with

B, and 1JFF with AB. Their distance matrices are defined

by d A;Að Þ which has r3r arrays, d B;Bð Þ with s3s

arrays, and d AB;ABð Þ with r1sð Þ3 r1sð Þ arrays. Note

that here we define distance matrix d in position space.

We can write d AB;ABð Þ as

d AB;ABð Þ5d B;Bð Þ� d A;Að Þ1d B;Að Þ1d A;Bð Þ (17)

where � indicates the direct sum between matrices (see

Fig. 3). We note that d A;Bð Þ and d B;Að Þ are transpose

of each other, and we define d(A,B) and d(B,A) to be

the extended forms of d(A,B) and d(B,A), respectively

[matrices with zero arrays added as shown in Figure

4(c,d)]. Let us assume an unknown direct way (in posi-

tion space and not in reciprocal space), that we can find

the RMSD between the above structures. We then com-

pute the following terms

D2 A;Bð Þ5
X

d A;Að Þ2d B;Bð Þ
	 


:�2

D2 AB;Að Þ5
X

d AB;ABð Þ2d A;Að Þ
	 


:�2

D2 AB;Bð Þ5
X

d AB;ABð Þ2d B;Bð Þ
	 


:�2

(18)

where �½ �:�2 means that all arrays of the matrix in the

bracket will be squared,
X
�½ � is defined as summation

over all matrix arrays in the bracket, �½ �. The matrices

d(B,B) and d(A,A) are the extended matrices for d(B,B)

and d(A,A), respectively [as shown in Figure 4(a,b)]. Now,

we expand D2 between AB and A and B. First, we have

D2 AB;Bð Þ5
X

d AB;ABð Þ2d A;Að Þ
	 


:�2

5
X

d B;Bð Þ�d A;Að Þ1d B;Að Þ1d A;Bð Þ2d A;Að Þ
	 


:�2

(19)

Similarly, we find that

D2 AB;Að Þ5
X

d AB;ABð Þ2d B;Bð Þ
	 


:2̂

5
X

d B;Bð Þ�d A;Að Þ1d B;Að Þ1d A;Bð Þ2d B;Bð Þ
	 


:2̂

(20)

Figure 5
A schematic representation describing how we obtain d AB;Bð Þ. The

subtraction of the two top matrices yields the bottom matrix. [Color
figure can be viewed in the online issue, which is available at wileyonli-

nelibrary.com.]

Figure 6
Top: squared arrays of d AB;Að Þ and d AB;Bð Þ. “.�2” means that all

arrays of the matrix will be squared. The sum over all arrays of these

matrices yields D2 as defined by Eq. (11). Bottom: shows subtraction of
the top two matrices. Normally, we should subtract the sum of two top

matrices. But, here to show the derivation of our formula in Eq. (21)
before summation we subtract two top matrices and we see the result

in the bottom. To solve Eq. (21), we have to sum over all arrays of
bottom matrix. The minus sign causes the change in shading on d

A;Að Þ:�2 in the bottom matrix. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]
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We readily see that D2 AB;Að Þ 6¼ D2 AB;Bð Þ. This

shows that two monomers do not have the same RMSD

or SVs.

Now, the following relation can be obtained (a deriva-

tion is given by Figures 5 and 6)

jD2 AB;Að Þ2D2 AB;Bð Þj5jd2 B;Bð Þ2d2 A;Að Þj (21)

where d2 B;Bð Þ5hd B;Bð Þjd B;Bð Þi has a similar definition

to the one mentioned after Eq. (12). However, this defi-

nition does not provide a normalized measure to com-

pare with the SV. Now, we define SS as follows

SS5jS AB;Að Þ2S AB;Bð Þ
��� ffi ��� d2 B;Bð Þ2d2 A;Að Þ

2 d2 AB;ABð Þ1d2 A;Að Þð Þ

���
(22)

where we have defined S AB;Að Þ as

S AB;Að Þ5 D2 AB;Að Þ
2 d2 AB;ABð Þ1d2 A;Að Þð Þ (23)

SðAB;BÞ is defined similarly. Here, to arrive at the

right-hand side of Eq. (22) we approximate d2 A;Að Þ
ffi d2 B;Bð Þ in the dominator. We will show in what

follows that this is a very reasonable approximation.

The computation of d2 for 1JFF, and its two monomers

1JFF-A and 1JFF-B, results in d2 AB;ABð Þ57:151931010,

d2 A;Að Þ58:78743109 and d2 B;Bð Þ59:71273109 in units

of square Angstroms. From these values, one can obtain

d2 A;Bð Þ5d2 B;Að Þ52:650931010. To make more sense of

the numerical values obtained, in addition to our real

case, we compute SS in Eq. (22) for a totally correlated

case d2 AB;ABð Þ50ð Þ and for an uncorrelated

case d2 AB;ABð Þ5d2 B;Bð Þ1d2 A;Að Þð Þ. Thus, we have

SS ffi

1

6
12

d2 A;Að Þ
d2 B;Bð Þ

� �
50:0159; A and B are totally different d2 A;Bð Þ50

0; A and B are totally similar

0:0058; In our case

8>>>><
>>>>:

(24)

The above equation shows that 0 � SS � 0:0159. We

normalize SS to 1=2 so that we have

SSNormalized5
1

2
12

SS

0:0159

� �
5

0 A and B are totally different

1

2
A and B are totally similar

8<
: (25)

Thus, for our case we have: SSNormalized50:3176.

Now, we come back to SVs obtained in Table I, where

SV AB;Að Þ2SV AB;Bð Þ50:496720:209150:2876. We see

that these two results are close in value. Note that

SSNormalized is obtained by using an approximation.

Here in the structural form, we have shown why the

two monomers of 1JFF are different. In particular, we

have shown that, if one of these monomers is similar

to 1JFF, then the other cannot be similar (and vice

versa).

The difference between SV and RMSD

When two structures (A and B) do not have the same

size (either different numbers of atoms or residues), the

RMSD is an approximate value of structural similarity

and, depending on the order of the two structures begin

compared, RMSD can calculate two different values. That

is, RMSD(A,B) is not equal to RMSD(B,A). This can be
verified by using the Matlab batch pdbsuperpose function
to compute RMSD. For example, for the two proteins
2nsg (with 1852 atoms) and 1adn (with 731 atoms), the
pdbsuperpose function gives two different values. That is,
pdbsuperpose(2nsg,1adn) gives a value of 7.39249
while pdbsuperpose(1adn,2nsg) gives a value of
0.382794. However, the SV values in both cases are the
same and equal to a value of 0.352874.

Mathematically, we see this difference in what follows.

We find the RMSD between two datasets A and B,

RMSD(A,B), within a coordinate system, when two

structures have the same size n-point (e.g., the same

number of atoms) and centroid at the origin of the coor-

dinate system. Firstly, we find a rotational transformation

R of the coordinate vector of B, rB onto the coordinate

vectors of A, rA. Then, to compute RMSD(A,B) we need

to minimize jrA2RrBRt j2. Expanding this term gives
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Figure 7
(Top row: Methods agree; a) 1a6w in blue and 1a6u in red. Two methods agree that both structures are similar. (b) 1au1 in red and 1a2v in blue.
Two methods agree that both structures are very different. (Bottom row: Methods disagree; c) 1aw0 in red and 1aof in blue. SV is a better predictor

of structure similarity because of the large difference in atom numbers. (d) 1rbp in red and 1brq in blue. RMSD is a better predictor of structure

similarity. Here, both structures have the same number of atoms. [Color figure can be viewed in the online issue, which is available at wileyonline-
library.com.]

Figure 8
RMSDN versus RMSDfit

N and correlations for the 48 data set taken from

Li et al.1 [Color figure can be viewed in the online issue, which is avail-
able at wileyonlinelibrary.com.]

Figure 9
RMSDN versus RMSDfit

N and correlations for the 86 data set taken from

Li et al.1 [Color figure can be viewed in the online issue, which is avail-
able at wileyonlinelibrary.com.]
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jrAj21jrBj222rA � RrBRt
� �

:

The last term in the above expression is positive.

Thus, the worst-case superposition occurs when the last

term is zero. Thus, to minimize RMSD, we should maxi-

mize the last term, rA � RrBRtð Þ, in the above expression.

The minimization can be competed by computing the

correlation matrix

Cij5
1

n

Xn

k51
rA; ikrB; jk ði; j51; 2; 3Þ;

and replacing rA � RrBRtð Þ by the maximum eigenvalue

of C, kMax.13,50 When the two structures are different

sizes in the RMSD(A,B) computation (for example if B

has fewer points than A), its void points are replaced by

zeroes. This difference is size results in the discrepancy

between the RMSD values given above for 2nsg and

1adn.

Another thing to note is that the RMSD has a range

of potential values in the interval ½0;1Þ, thus it has no

upper limit. On the other hand, SV does have an upper

limit of 1/2. This means that if the RMSD between two

structures is very large, for example if RMSD(A,B) 5 56

and RMSD(B,A) 5 99, then both cases show full dissimi-

larity between two structures and, in general, the SVs are

approximately zero for both these cases. To avoid inac-

curacy from this difference of domain size between

RMSD values and SV, we use a centroid and then nor-

malize both datasets to unity (as is typically done for

wave functions in quantum mechanics). Now we denote

the normalized quantities as RMSDN and SVN. Then, we

define the following measure to compare them.

Taking into account the RMSD concept, we try to

reproduce RMSDN values by using SVN. We can define a

transformation, T of SVN onto RMSDN so that

TðSVNÞTt 5RMSDfit
N . Then, we define the correlation

between RMSDfit
N and RMSDN as a comparative measure.

To obtain RMSDfit
N we use the following Matlab batches

in the feed-forward neural network fitting:

net5newfit(SVN, RMSDN,40);
[net,tr]5train(net,SVN,RMSDN);
RMSDfit

N 5 sim (net,SVN;)

Figures 8–11 show RMSDN versus RMSDfit
N and their

correlations, for four datasets: the 48 data set (Table S1

in Supporting Information), the 86 data set (Table S2 in

Supporting Information), dataset1, an 89-pair compari-

son (Table S3 in Supporting Information), and dataset2,

a 94-pair comparison (Table S4 in Supporting Informa-

tion). The sets dataset1 and dataset2 are the same data-

sets as selected by Kolodny et al.4 However, not all the

data is used (since for some of the protein pairs, the

Matlab batch cannot compute the RMSD values due to

lack of pertinent information). Also, we have taken the

PDB files for all datasets from the PDB-site. The 48 set

and the 86 set are taken from Li et al.1 The sets dataset1

and dataset2 (non-homologous) have different protein

sizes ranging from 40 residues to approximately 1000 res-

idues, and we randomly selected pairs of proteins in

Figure 10
RMSDN versus RMSDfit

N and correlations for the dataset1, an 89-pair
comparison taken from Kolodny et al.4 [Color figure can be viewed in

the online issue, which is available at wileyonlinelibrary.com.]

Figure 11
RMSDN versus RMSDfit

N and correlations for the dataset2, an 94-pair
comparison taken from Kolodny et al.4 [Color figure can be viewed in

the online issue, which is available at wileyonlinelibrary.com.]
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these sets to compute RMSD values and SVs. The RSMD

values for the 48 set and the 86 set are the same as those

reported by Li et al.1 For dataset1 and dataset2, RSMD

values are computed by the following Matlab batch:

[d,RMSD]5pdbsuperpose(PDB1,PDB2,‘model’,
[11], ’apply’’, all’,’Display’, false’);

The size of PDB2 must be less than or equal to the

size of PDB1.

We do not expect agreement between RMSD values

and SV because, unlike the SV, the RMSD value is not

sensitive to topology51 (i.e., the SV changes when the

corresponding topology changes). Another reason we do

not expect agreement is that RMSD depends on the size

of the protein, where small size proteins tend to have a

lower RMSD.41,42,51 SV does not depend on size.

These reasons explained above help to explain why SV

can be much different than the corresponding RMSD

value. For example, in two liganded 1a6w (1774-atom)

and unliganded 1a6u (1736-atom) proteins [illustrated in

Fig. 7(a)], their topology is changed but their RMSD

value with 1a4j (6626-atom) is the same (2.4 Angstrom)

while the SV values are different, namely 0.08 and 0.34,

respectively. Thus for the above reasons, we see that the

RMSD value between 1a6w and 1a6u is 0.34 Angstrom,

but the SV value is 0.19. The two proteins 1RBP and

1BRQ (both have 1408 atoms) are liganded and unli-

ganded [as illustrated in Fig. 7(d)], respectively, but they

have a small RMSD value of 0.6 Angstrom. Their geome-

tries are different, so that SV is equal to 0.1.

CONCLUSIONS

This article introduces a new method to compare pro-

tein structures; it can be generalized to compare arbitrary

shapes defined as a set of 3D coordinates. The novelty of

our method lies in expanding the shape function using

Wigner-D functions, showing that the expansion coeffi-

cients correspond to the structure factors, and using the

RMSD measure in the reciprocal space (for the structure

factors) to define a similarity value, namely the SV

parameter. We show that this measure gives a corre-

sponding similarity in the spatial domain because of the

isometric property of the Fourier transform. We have

verified our method by obtaining the shape function by

using the structure factors and Wigner-D functions (see

Fig. 2). The absolute values of the structure factors are

the same as the intensities measured by X-ray scattering.

We also show that the structure factor distribution is a

Poisson distribution; as is well known, the intensity dis-

tribution for X-ray scattering is also a Poisson distribu-

tion. This result demonstrates the reliability of our

method. The numerical results shown in Tables I–VII for

SV (as well as the results shown in the tables given in

Supporting Information) also confirm the reliability and

usefulness of our method.

An important problem for similarity comparison

methods is that the number of the protein atoms in an

arbitrary pair of proteins is generally not the same. To

address this problem, some methods use partial similar-

ity measures between two proteins, like partial RMSD

calculations. However, in our method, despite the fact

that the number of atoms of the two proteins being

compared is different, the number of structure factors is

the same in reciprocal space. This is another important

advantage of our method.
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